Abstract. We present another example of a 3-variable polynomial defining a K3-hypersurface and having a logarithmic Mahler measure expressed in terms of a Dirichlet L-series.
Introduction
The logarithmic Mahler measure m(P ) of a Laurent polynomial P ∈ C[X ± 1 , ..., X ± n ] is defined by
... dx n x n where T n is the n-torus {(x 1 , ..., x n ) ∈ C n /|x 1 | = ... = |x n | = 1}. For n = 2 and polynomials P defining elliptic curves E, conjectures have been made, with proofs in the CM case, by various authors [6] , [10] , [11] . These conjectures give conditions on the polynomial P for getting explicit expressions of m(P ) in terms of the L-series of E. A crucial condition for P is to be "tempered", that is the roots of the polynomials of the faces of its Newton polygon are only roots of unity. This condition is related to the link between m(P ) and the second group of K-theory, [1] , [11] .
In various papers we obtained results for n = 3 and polynomials P defining K3-surfaces, [2] , [3] , [4] . Our aim is to find an analog of the previous results for K3-surfaces. In particular, which condition on the polynomial P ensure the expression of m(P ) in terms of the L-series of the K3-surface plus a Dirichlet Lseries? Our investigations concern two families of polynomials in three variables [2] .
This result is the second example of a Mahler measure expressed uniquely in terms of a Dirichlet L-series.
The first example was
where L(χ −3 , 2) denotes the Dirichlet L-series for the quadratic character χ −3 attached to the imaginary quadratic field Q( √ −3). This equality is easy to prove since the modular part, I mean the part corresponding to the L-series of the K3-surface, is obviously 0.
The second example is the following theorem. Theorem 1.1. Let Q −3 the Laurent polynomial
and define
In this theorem the evaluation of the modular part needs the use of Livné's criterion [15] , since we have to compare two l-adic representations, and also recent results about Dirichlet L-series [18] .
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Some facts
The polynomial Q −3 belong to the family of polynomials Q k whose Mahler measure has been studied in a previous paper [2] . Theorem 2.1. Consider the family of Laurent polynomials
where η denotes the Dedekind eta function
(1 − e 2πinτ ).
Let us recall now the following results. Given a normalised Hecke eigenform f of some level N and weight k = 3, we can associate a Galois representation [7] , [13] 
Moreover, the series L(f, s) has a product expansion
Concerning the comparison between l-adic representations, Serre's then Livné's result can be found for example in [15] , [9] .
for a set of primes p of density one (i.e. for all but finitely many primes). If ρ l and ρ ′ l fit into two strictly compatible systems, the L-functions associated to these systems are the same.
Then the great idea (Serre [12] , Livné [8] ) is to replace this set of primes of density one by a finite set.
Definition 1.
A finite set T of primes is said to be an effective test set for a rational Galois representation ρ l : G Q → AutV l if the previous lemma holds with the set of density one replaced by T . Definition 2. Let P denote the set of primes, S a finite subset of P with r elements, S ′ = S ∪ {−1}. Define for each t ∈ P, t = 2 and each s ∈ S ′ the function
Theorem 2.3. (Livné's criterion) Let ρ and ρ ′ be two 2-adic G Q -representations which are unramified outside a finite set S of primes, satisfying
for all p / ∈ S ∪ {2}. Any finite set T of rational primes disjoint from S with f (T ) = (Z/2Z) r+1 \{0} is an effective test set for ρ with respect to ρ ′ .
The K3-surfaceX defined by the polynomial Q −3 has been studied by Peters, Top and van der Vlugt [9] . In particular they proved the theorem.
15
) where
and η is the Dedekind eta function. The Mellin transform bn n s of f + satisfies b p = A p for p = 3, 5, where A p can be computed as follows.
• If p ≡ 1 or 4 mod. 15, find an integral solution of the equation 
Proof of theorem 1
The proof follows from three propositions.
Now A 1 can be written
Then, we get
Now with the change of variable κ = κ ′ − m ′ we put the denominators of A 2 symmetric with respect to m ′ and κ ′ . So
and coming back to variables m ′ and κ,
The same way we obtain,
Finally using the same tricks as for A 2 , we obtain
From proposition 1. we notice that the Mahler measure is expressed as a sum of a modular part
2 ) 3 and a part related to a Dirichlet L-series
To prove that the modular part is 0, we observe first that
are the Mellin transform of the two weight 3 modular forms
2 .
Then using theorem 2.4 we know that
is the L-series attached to the modular K3-surfaceX.
Proof. Let a a rational integer and denote θ a = n∈Z q an 2 the weight 1/2 modular form for the congruence group Γ = Γ 0 (4). Denote
the Rankin-Cohen brackets wich are modular forms of weight 3 for Γ.
Recall that, if f and g are modular forms of respective weight k and l for a congruence subgroup, then its Rankin-Cohen bracket is the modular form of weight
Thus we get the two weight 3 modular forms
we apply Livné's criterion.
First we determine an effective test set T for the respective representations Then we compute the corresponding A 1 (p) and A 2 (p). This achieves the proof of the proposition.
Proof. We denote L f (s) := L(χ f , s) the Dirichlet's L-series for the character χ f attached to the quadratic field Q( √ f ). The proof follows from a lemma.
Lemma 3.1.
(1)
Proof. The assertion (1) follows from the result [16] As explained in [18] , often we may get
in terms of L ±h when expressing them as Mellin transforms of products of various Jacobi functions θ 3 (q) for different arguments.
More precisely,
where e −t = q and
thus writing θ 3 (q)θ 3 (q λ ) − 1 as a Lambert series n≥1 a n q n 1−q n , very often the integral is given in terms of L-series.
So we get From this last equality we deduce the formula (2) . From [19] we get
